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1. (a) Via Proposicao 21 dos apontamentos de “Opgoes Exdticas”:
AY LIS, = ¢, (S, X, Ty) + e 10" Tp, (S, Xe =010 T3 (1)
Por outro lado, o processo
dS, = (r — q) Sydt + 61/ S dW2
¢ um processo CEV com
f=35(<2). )

Consequentemente, a call e a put Europeias contidas na equagao (1) podem ser
avaliadas via Proposigao 14 dos apontamentos de METTJ, sujeito a condicao (2).

(b) O prego, no momento actual ¢, do futuro ¢ dado por:
F<t7Tf>T1) = Eg [F(Tf7Tf>Tl)| ‘E]
= Eo [P (T}, T1)|[ 7.

Considerando que, no modelo CIR, o prego da obrigagao de cupao zero subjacente
¢ dado pela Proposicao 64, entao:

F(t,T;, Ty) = Eg{exp[A(Ty—Ty)+ B(Ty —Ty)re,|| 2}
= exp[A(Ty —T})|Eq {exp [B(Ty — Ty) r1, ]| Fi } - (3)

Finalmente, o valor esperado contido na equacao (3) pode ser interpretado como
correspondendo & transformada de Laplace da taxa de juro instantinea e calcu-
lado, portanto, via Proposicao 66 dos apontamentos com A = —B (T} —T%) e
=0

F Ty, Th) = exp |A(Ty — Ty) + ¢_B(T1—Tf),o (Ty —t) - Ttw_B(Tl_Tf)p (T —1)] -

2. (a) Utilizando a Proposi¢ao 22 dos apontamentos,

po = —100 x e X055 11 — Py (S, = 100, v, = 0.02; T = 0.5, X = 100)] (4)
+e 4405 5100 x [1 — Py (S, = 100, v, = 0.02; T = 0.5, X = 100)] .



Com base nas equagoes (173) e (174) dos apontamentos:

Py (S, =100,0, = 0.02;T = 0.5, X = 100) =~ % + M
~ 5.9550E — 01, (5)
(§
Py (S =100, v, = 0.02;T = 0.5, X = 100) =~ % + M
~ 5.5282F — 01. (6)

Combinando as equagoes (4), (5) e (6),
po = —100 x e 05 x (1 = 5.9550E — 01) + =405 % 100 x (1 — 5.5282E — 01)
~ FEUR3.58410.
(b) O payoff terminal da Asset-or-Nothing put é dado por:
pp = MSrls,<xy,

onde M =1, T = 0.5 e X = EUR100. Portanto, o valor actual da Asset-or-
Nothing put é igual a:

pit = e """ IMEg (Srls,<xy| Fi)
St
T {ST<X} E
STeqT
= MSﬁfg(T*t)EQs (]]'{ST<X}‘ ft)

= MSe ™ DQ%(Sr < X| F)
= MS;e TV [1 - P (S,,v;T, X)]. (7)

= MSe"Egs (

Combinando as equagoes (5) e (7),

pd = EUR100 x e 7% x (1 — 5.9550F — 01)
>~  EUR40.249.

3. (a) Via equagoes (269) e (270) dos apontamentos,

1 — o—04x4
B{4) = ——
(4) 0.4
>~ 3.6964,
e
0.052 0.052 9
A4) = (3.6964 —4) ( 4% — — 3.6964
) = (o961 =) (4% - 0B ) - S (2.6
= —0.1729.
Portanto,
P(0,4) = exp(—0.1729 — 3.6964 x 4.5%)

1%

0.7123.



(b) Utilizando a Proposi¢ao 59 dos apontamentos e uma vez que

K = P(0,1,3)
P(0,3)
P (0,1)
0.7958

0.9453
0.8419,

112

entao

po [P (0,3);84.19%; 1]
= —P(0,3)® (—dy) +84.19% x P (0,1)® (—dy)
= —0.7958 X ® (—d} ) 4 84.19% x 0.9453 x & (—dy ),

onde

0.052 9 1 — ¢—2x0.4x1
I o

~ 5711%,

0.7958 (5.711%)>
In [84.19%><0.9453} +

5.711%
0.028554422,

Y
S
|

112

dy = 0.028554422 — 5.711%
>~ —(.028554422.

Portanto,

po [P (0,3) ;84.19%; 1]

—0.7958 x ® (—0.028554422) + 84.19% x 0.9453 x ® (0.028554422)
—0.7958 x 0.488609982 + 84.19% x 0.9453 x 0.511390018

~ 1.813%.

(¢) O payoff terminal do contrato em analise ocorre daqui a 3 anos e é igual a

E (25,3
V3= FEUR100,000 x |1+ 6 x % X Lip@2s53)<5%) |

onde FE (2.5,3) designa o valor da Euribor a 6 meses em vigor daqui a 2.5 anos.
Em termos genéricos,

VT—|—(5 =M [1 + nk (T, T + (S) 5]]-{E(T,T+6)<El}:| s
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onde M = FEUR100,000, n=6,T =2.5,0 =0.5 ¢ E;, = 5%.
Trabalhando na forward measure Qrs associada ao numerdrio PDB com venci-
mento no momento (7" + ¢),

(8)

E(T, T+ 0) 0Lipwrio)<B)
P +0,T+10)

W:AH%LT+&+nMP@T+®E%M{

Uma vez que

1 1
EGKF+®=5[5@TF:5—J}

P(T+6,T +0) =1, entao

[E(T,T +6) 0l {prris)<E

[ -1
= nMP (t, T+ 5) EQTJr(S _P (T, T+ 5) ]l{P(T,T+6)*1<1+6El}
—nMP (¢, T+ 6) Qrys [P (T, T +0)"" < 1+ 65| F]
= nMP(t,T+9) Eor.s _P(T7 T7T+5)_1 H{P(T,T,T+5)*1<1+6El} ft}
—nMP (¢, T+ 6)Qrys [P (T, T, T +0) "' < 1+6E|F]. (9)

7

A equagao (321) dos apontamentos implica que
1
P(T,T,T+6) " =PtT,T+0) "exp —§v2 (t,T,T + ) + Y@T”] . (10)

onde
y @ BN (0,07 (1, T, T + 6)) . (11)
Consequentemente,

QT+5

[P(T,T,T+06)" <1+ 6E|F]
= QT+5{P (t,T,T+0) "exp —%UQ(t,T,T+5)+YQT”] < (1+0E))

g

(12)

1
= @Hé}@ﬂhdn1+ﬁ&ﬂ%nﬂT+&H7f%uﬂT+®wﬂ}

o In[(146E) P (¢, T,T +0)] + 302 (¢, T,T + 6)
v(t, T, T +90) '



Por outro lado,

-1
EQT+5 [P(T, T’T"‘é) ]I{P(T,T,T+5)*1<1+5El}
/ln[(lJréEl)P(t,T,T+5)]+%v2(t,T,T+5)

7

1
P(t,T, T+ )" exp [—502 (t, T, T+9)+ =

—0o0

P | = 2warr9)

V2m0? (6, T,T + 6)

In[(1+8E;) P(t,T,T+6)]+3 v (t,T,T+5)
= P(t,T,T+5)1/

—0o0

exp [_ 2 V2 (L, T,T19)

1 zz—21}2(t,T,T+5)z+v4(t,T,T+6):|
d
V2m02 (6, T, T +6)

z

1 [2—1)2(15,T,T—|—5)]2
168, P T2 o)

- P t,T,T+51/
( ) —oo V2m0? (6, T, T + 6)

= P(t,T,T+6)" (13)
o In[(1+6E) P (t,T,T +0)] + 50 (¢, T,T + 6) — v* (t,T,T + 0)
v(t, T, T+ 0) '

Em suma, combinando as equagoes (8), (9), (12) e (13), o valor actual do contrato
¢ dado por:

V, = MP(t,T+56) (14)
In[(1+8E) P (t,T,T +6)] — 20 (¢t,T,T + 6)
+nMP(t,T)<I>{ l U(tTT+5)2 }
In[(146E) P (t,T,T+0)]+ 20> (t,T,T + )
—nMP(t,T+6)<I>{ : U(tTT+5)2 }

Adaptando a equagao (14) ao exemplo em aprego,

Vo = EURI100,000 x P (0,3)

0 P bl
In | (1+ %) 7555 | - 302 (0,25,3)

6 x EURI00,000 x P (0,2.5) x &
o 000 % P(0,2:5) x v(0,2.5,3)

In | (1+ %) 755% | + 40 (0,2,5,3)

—6 x EUR100,000 x P (0,3) x ®

v (0,2.5,3)
Visto que
0.052 5 1 — e—2x0.4x25
0.1.3) = 1 — ¢—04(3-2.5)
v(0.1,3) \/0.42[ ¢ f 01
>~ 2.356%,

d



entao

VW = EURI100,000 x 0.7958

L+ ) b) 4 <2-356%>2}

In [(
6 x EUR100,000 x 0.8364 x &
o y UL X X { 2.356%

In [(1+ 22) 219581 4 1(2.356%)
—6 x EUR100,000 x 0.7958 x & { — (14 75) Dgna] + 3 (2:356%) ,
2.356%

i.e.

Vo = EUR100,000 x 0.7958
+6 x BUR100,000 x 0.8364 x 0.141839986
—6 x EUR100,000 x 0.7958 x 0.147196652
~ FURS0,474.86.

4. (a) Via equagao (375) dos apontamentos,

co[P(0,3):88.997%;1] = P(0,3)F, (T* ) (15)

(2005%.c0) \ Lo

—88.997% x P(0,1) Fye (%) ’
-6,¢1 1

sendo

N = \/0.62+2><(5%)2
>~ (0.604152299,

8ryy2er(Ti—t)
“ T AT A e U+ - BT - T[T 1]
— [8 % 4% % (0604152299)2 % 60'604152299X1} {0052 % (60.604152299><1 _ 1)
0.604152299 x (20041522991 4 1)
+ (0.6 — 0.05% x (—1.1636)) (e%604152299x1 _ )]}~
46.62380737,

1%

GW(Tl 7t) — 1

2
g
27T+ 1]+ [k — 2B (T, = T)] [0 1]

2
0.25 X (60'604152299 _ 1)

0.604152299 x [¢0-604152299 1 1] + [0.6 — 0.052 x (—1.1636)] (£0604152299 _ 1)
>~ (.000469329




In(K)—A(Ty — Ty)
B(To—Th)
In (88.997%) — A (3 —1)
B (2)
In (94.018%) — (—0.0501)

—1.1636
~ 5712%,

Portanto,

5.712%
o [P <O’ 3> ; 88'997%; 1] = 08590 FX%57.6,46.62380737) (M)

—88.997% % 0.9560 x F - (

X(57 6,46.6747866)

P(0,3) = exp[—0.1000 — 0.4982 x 5%
>~ ().8826.

5.712%
0.000470

(16)

)

As probabilidades contidas na equacao anterior podem ser calculada via aproxi-

macao de Sankaran, i.e.

FXQ(a,b) (Z) = X2 )

- {{Hb}h—(aib)h}
[( )—uh]

Q

onde
- T R SO AP )i
=1+ h(h 1)(a+b)2 h(h—1)(2—h)(1 3h)2(a+b)4,
2o _g02(@+20) f o o at 2D

h:zl—%(a+b)(a+3b)(a+26)2

Comecando por F 2 (%), a = 57.6, b = 46.62380737,

X(57 6,46.62380737)

2
h = 1- 3 (57.6 + 46.62380737) (57.6 + 3 x 46.62380737)

(57.6 + 2 x 46.62380737)
>~ (.397019824,

(17)



07.6 + 2 x 46.62380737

(57.6 + 46.62380737)
—0.397019824 x (0.397019824 — 1) (2 — 0.397019824)

(57.6 + 2 x 46.62380737)°
2 (57.6 + 46.62380737)*

p, = 140.397019824 x (0.397019824 — 1)

(1 — 3 x 0.397019824)

I

0.99666848,

2 (57.6 + 2 x 46.62380737)
(57.6 4 46.62380737)*

o7 =0.397019824% x

57.6 + 2 x 46.62380737
{1—(1—0.397019824)(1—3><0.397019824) rex }

(57.6 + 46.62380737)
>~ ().004384834.

Utilizando a equacao (17),

0.397019824
5, 5.712% . (et — 0.99666848
X{(57.6,46.62380737) 0.000469329 /0004384834

= 0.843683429. (21)

Finalmente, combinando as equagoes (16) e (21),
co [P (0,3);88.997%;1] = 0.8590 x 0.843683429
—88.997% x 0.9560 x 0.841287624
= 0.00889560. (22)

(b) De acordo com a Proposicao 61 dos apontamentos, o valor actual da call sobre a
CBB pode ser decomposto numa carteira de 2 calls Europeias sobre PBD:

co (By; X =100%; T = 1)
— 6% x o [P(0,2); X137 = 1] + 106% x co [P (0,3); Xo; T = 1].

Os strikes podem ser obtidos via equacao (327) dos apontamentos, uma vez adap-
tada para o modelo CIR via Proposigao 64:

X; = exp[A(2—1)+ B(2—1) x 5.712%]
= exp(—0.0149 — 0.7517 x 5.712%)
>~ 94.382%,

Xo = exp[A(3—1)+B(3—-1) x 5.712%]
exp (—0.0501 — 1.1636 x 5.712%)
88.997%.

I
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Portanto,

co (B X = 100%; T = 1) (23)
— 6% x ¢ [P (0,2);94.382%; T = 1] + 106% X ¢ [P (0,3) ;88.997%; T = 1].

A segunda call j4 foi avaliada na alinea anterior —vide equagao (22):
co [P (0,3);88.997%; T = 1] = 0.889560%. (24)
Relativamente & primeira call, o enunciado fornece o seguinte valor actual:
co [P (0,2);94.382%; T = 1] = 0.608%. (25)
Combinando as equagoes (23), (24) e (25),

co (B X = 100%; T = 1)
6% x 0.608% + 106% x 0.889560%
0.979%.
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