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1. (a) O payoff terminal da Range Digital é dado por:
RDT (S, Xl, Xg, T; M) = MH{X1§ST§X2}‘
Portanto,

RD; (S, X1, X5, T; M) = Me """ VEqg (ix,<sr<x03| i)
= Me T NQ (X, < Sp < Xu| F)
= Me T VQ(Sr < Xo| F) —Q(Sr < X4| F)).

Finalmente, utilizando a Proposi¢ao 13 dos apontamentos,
RDy; (S, X1, X5, T; M)
= Me 0 (Quua puxg2) (20) = Qua(z, i) (20)]
(b) O valor actual do derivado sobre volatilidade é dado por:

e (v, T) = Me”" 7B [(vr — k)*| 7]
= Me 7T [EQ (UT]I{'UTZIC}‘ ft) — kQ ('UT > k| ft)] ) (1)

onde
dvy = k (0 — v;) dt + o /o, dW2 (t) . (2)

Atendendo as equagoes (7) e (25) dos apontamentos,

vr 2 (4K0
L‘}_t X (02,6), (3)
onde Aok
Py— Ut
b= 2 [ek(T—t) — 1]’ (4)
e

o2 [1 _ e—k(T—t)]
L= - | (5)




Consequentemente,

Q(vr = K F) = @(“_T>E'ft>

- 5
- QXZ(%v%) (L) (6)

Por outro lado e atendendo a Definicao 1 dos apontamentos,
Eq (vrlursiy| F)

= LB (Llpyap| )

_ L/ (g 1) (@)

= L/o xfx2(4_19297b)(90)dx—l}/0 xfx2<%,b)(x)dx

|
SES

— LEg [x <4k9 )‘]—}] — L |Fau) (m)]erL/O% Foaag ) (@) da
_ (iif +b) — KFa(aig 1) (%) +L O%FXQ(%J)) (x) dz. (7)

Combinando as equagoes (1), (6) e (7),
4k0 k z
¢ (v, k, T) = Me "0 [L (— + b) - ksz(M b) (Z) + L/ F)@(M b) (x) dx
2 0 0,2 )

e (7]

4k0 L
AT _
= Me [L ( — +b) +L/0 Fo (g ) () do k] .

O valor actual do caplet é dado por:

1
Caplety = FEURIM x (14 4.5%) X po {P (0,2); I—FTW; 1]
. 0

— BURLM x 1.045 x po [P (0,2) ;95.694%; 1] . (8)

Utilizando a Proposicao 59 dos apontamentos,
po [P (0,2);95.694%; 1]
= —P(0,2)® (—dY) +95.694% x P (0,1) ® (—dy )
= —0.9150 x @ (—dy’) + 95.694% x 0.9608 x ® (—dy ),



onde

0.052 9 1 — e—2x0.5x1
1012 = | I

>~ 6.257%,

n [ 0.9150 } 4 (6.257%)*

dV — 95.694% % 0.9608 2
! 6.257%
> —(0.045743962,
(§
dy = —0.045743962 — 6.257%

= —0.108310317.
Portanto,

po [P (0,2);95.694%; 1]
= —0.9150 x ® (0.045743962) + 95.694% x 0.9608 x ® (0.108310317)
—0.9150 x 0.518242838 + 95.694% x 0.9608 x 0.54312523
~ 2517%. (9)

Combinando as equagoes (8) e (9),
Caplety = EURIM x 1.045 x 2.517%
>~ EUR26,301.54.

(b) De acordo com a Proposigao 61 dos apontamentos, o valor actual da put sobre a
CBB pode ser decomposto numa carteira de 2 puts Europeias sobre PBD:

po (By; X =98.24%; T = 1)
= 4% x po [P (0,2); X1; T = 1] 4 104% x po [P (0,3); Xo; T = 1].

Os strikes podem ser obtidos via equagao (327) dos apontamentos:

X; = exp[A(2—1)—B(2-1) x 3.915%]
= exp(—0.0058 — 0.9754 x 3.915%)
95.694%,

I

X, = exp[A(3—1)—B(3—1) x 3.915%]
= exp(—0.0222 — 1.9033 x 3.915%)
90.783%.
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Portanto,

po (By; X = 98.24%;T = 1)
= 4% X po[P(0,2);95.694%; T = 1] 4 104% x po [P (0,3) ;90.783%; T" = (1]0)

A primeira put j4 foi avaliada na alinea anterior —vide equagao (9)
po [P (0,2);95.694%; T = 1] = 2.517%. (11)
Relativamente a segunda put:

po [P (0,3);90.783%; T = 1]
= —P(0,3)® (—dy) +90.783% x P (0,1)® (—dy)
= —0.8650 x ® (—d} ) + 90.783% x 0.9608 x ® (—dy ),

onde

0.052 9 1 — e—2x0.5x1
I

>~ 10.051%,

0.8650 (10.051%)2
In [90.783%><0.9608} + 2

10.051%
—0.033056494,

1%

dy —0.033056494 — 10.051%

= —0.13357126.

Portanto,

po [P (0,3);90.783%; T = 1]
— —0.8650 x ® (0.033056494) + 90.783% x 0.9608 x P (0.13357126)
— —0.8650 x 0.513185232 + 90.783% x 0.9608 x 0.553129194
~ 3.857%. (12)

Combinando as equagoes (10), (11) e (12):

po (B X =9824%;T =1) = 4% x 2.517% + 104% x 3.857%
>~ 4.112%.

(¢) Assumindo o processo estocéstico
dry = a (y — 1) dt + pdW2,
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3.

e utilizando a Proposi¢ao 37 dos apontamentos,

ry = e D 4y [1- e_a(s_t)] + p/ eI, (13)
t
Portanto,
T T T T s
/ rods =7y / e ds / [1—e D] ds+p / [ / e‘a(s‘“)quﬂ ds.
t ¢ ¢ t L/t
(14)

Uma vez que

entao:

T ops T T
/ [/ e_o‘(s_“)dW;Q} ds = / {/ e_o‘(s_“)ds} dWQ. (15)
t t t U

Combinando as equagoes (14) e (15),

T T T T T
/ reds = rt/ e_a(s_t)ds+7/ [1— emets=0)] ds+,0/ {/ e_a(s_“)ds} dW2.
t t t t u

(16)
Consequentemente,

T T T
Eg (/ reds .7-}) = rt/ e s + 'y/ [1 — e_o‘(s_t)} ds,
t t t

e portanto,
T T 2
EQ{ [/ rsds — Eg (/ rsds ft)] ]:f}
t t
T T 2
- EQ{ [p / ( / ea(s“)ds) de@] ]-"t}
t u

2

T T
= p2/ (/ e_a(s_“)ds) du.
t U

(a) Via equacgao (343) dos apontamentos,

\/22 +2 % (10%)?
>~ 2004993766,

v

2 (62.004993766><3 _ 1)

2 x 2.004993766 + (2 + 2.004993766) (¢2004993766x3 _ 1)
—0.4982.

I



Portanto,

P(0,3) = exp[—0.1000 — 0.4982 x 5%]

= 0.8826.

Consequentemente, a taxa spot a 3 anos com capitalizagao continua é igual a:

03 = (0.;826)

>~ 4.162%.

(b) O payoff final da asset-or-nothing European call em aprego é dado por:

CT1 [P (T1,T2) K; Tl] = P(T17T2) ]l{P(Tl,Tz)>K}7 (17)

onde Ty = 2 anos, K = 94.018%, and T; = 0.5 anos.

Consequentemente,

NP (t,Ty); K; Ty

P (T, 15) Lipery 1m)> K3}
P(t7T2)E@2 |: (Tl,T2> ’E:|
P (t,T3) Q[P (T1,T3) > K|F]
P(t,TQ)@Q[A( T1)+B<T2—T1)TT1>1H( )|.;Et]
P (t, Tz) QQ (T’ <r |f}/)
P(t,T) Q (m L—2|ﬂ)

7,.,*

PLTIFa, | (L—2) . (18)

Atendendo aos dados do enunciado, P (t,73) = P (0,2) = 0.9187,

Ly

2

In(K)— A(Ty — T))
B(T,—T)
In (94.018%) — A (2 — 0.5)
B (15)
In (94.018%) + 0.0410

—0.4747
>~ 4.363%,

e’Y(Tl 7t) — 1

o
2

v [T + 1] + [k — 02B (T — Ty)] [e7T1-8) — 1]

0.12

2 % (62.004993766><0.5 _ 1)

2.004993766 x [¢2004993766x0.5 4 1] 4 [2 — (.12 x (—0.4747)] [¢2-004993766x05 _
>~ ().000789357,

1]



8ryy2er(Ti—t)
G = o2 [erTi=t) — 1] {~ [eYT1—1) + 1] + [k — 02B (Ty — T1)] [eX(Tr—1) — 1]}
_ [8 % 5% x (2.004993766)2 y 82.004993766><0.5} {0‘12 y (62.004993766><0.5 . 1)

[2.004993766 x (e>004993706x05 1 1) 4 (2 — 0.1% x (—0.4747)) (e>00499706x05 _ 1) ]}
~ 23.2461663.

Utilizando a equagao (18),
N [P (0,2); K = 94.018%; T} = 0.5]

= 0.9187 x Fs (ﬂ)
(4X—0?1X2%,23.2461663) 0.000789357
— 0.9187 x F.s (55.27559522) .

X(32,23.2461663)
A probabilidade contida na equagao anterior pode ser calculada via aproximagao
de Sankaran, i.e.

Fo@epn(z) = P (X2 (a,b) < z

-~ [ ) - “h] , (19
onde
Mh;:1+h(h—1)ﬁ—h(h—1)(2—h)(1—3h)%, (20)
o2 = h2% [1 —(1—h)(1—3h) (Zii;} , (21)
) h ;:1—§(a+b) (a+3b) (a+2b)2 (22)

Uma vez que a = 32, b = 23.2461663, entao

h = 1-— % (32 + 23.2461663) (32 + 3 x 23.2461663) (32 + 2 X 23.2461663)72
= (0.391806545,
wy, = 0.993849521, and o2 = 0.007917467. Portanto,
N [P(0,2); K = 94.018%; T} = 0.5]

0.391806545
0.9187 x & (3035 2161053) — 0.993849521

v/0.007917467
= 0.9187 x ® (0.071467123)
0.9187 x 0.528487005
0.485499585. (23)

Q
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4. (a) Visto que At = 0.25, entdo

Ar = 2%v3x0.25
1.732%.

2

Portanto,

ri o= 1x1.732%

>~ 1.732%.
Em alternativa rj, =5, =15, =17 ,.
Dado que
0.184 0.184
aAt 0.4 x0.25
=~ 1.84,

entao jmax = 2. Consequentemente, temos de considerar um normal branching
process a partir do né (4, 1):

1 a?2 (A — ajAt

1 0.4%12(0.25)° —0.4 x 1 x 0.25
= —+

6 2
>~ (.103,

2
pm(4,1) = = —a%? (At)?

3
2
= 5—0.4212 (0.25)
>~ (.657,

Dd (471) =1 — Pu (471) — DPm (47 1)
= 1-0.103 — 0.657
= (0.222.

(b) Comegando pelo Arrow-Debreu price:

Q4,-1) = Q(3,0)p4(3,0)exp (—r3oAt) + Q (3, —1) pm (3, —1) exp (—r5 1 At)
+Q (3, —2) pm (3, —2) exp (—7r3 _2At)
— 0.4340 x 0.167 x exp (—4.363% x 0.25)
10.2260 x 0.657 x exp (—2.631% x 0.25)
+0.0439 x 0.027 x exp (—0.899% x 0.25)
0.2202.
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Relativamente a taxa “instantédnea”, comecemos por determinar « (4) utilizando,
por exemplo, 74 0:

rao = a(4)+0xAr
= «a(4) =4.5%%.
Portanto,
rg—1 = «a(4)—1xAr
4.59% — 1.732%
= 2.858%.

(c) Visto o modelo efectuar o fit automdtico a curva de taxas de juro vigente em
mercado,

ACyo = max[P(0,1y) — 97.903%, exp (—ro0At) (puAC11 + prmAC1 o + paACY 1)
= max [96.08% — 97.903%,

exp (—3.629% x 0.25) (0.167 x 0+ 0.667 x 0.0013 + 0.167 x 0.0072)]

0.00207179.

I



