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1.

Modelos de Estrutura Temporal de Taxas de Juro
Mestrado em Matematica Financeira 10/11

IBS e FCUL

Exame 1* Epoca - Resolugao
Duragao: 3h

(a) Integrando ambos os membros da equagao diferencial ordinaria

w — kY, (t 1),
obtém-se
Prp (t —t0) — 01, (0) = _k‘g/ Yo (= fo) du

i.e.

br (1) = ko /t 0 Nhtk+(h—k)e h;u(;; J£2ufer—1] L
sendo

g (u) = A (1) 1) 4 b — ke (k) M), @
Visto que
h= VK +20%,

entdo o numerador da funcdo integranda na equagao (1) pode ser reescrito como

A4k + (h— k) "m0 + 24 [ehtvmto) — 1]
= 20+ A(h— k)] ") L N (h+ k) — 2]

- lhtfz + A (h— k)} ehtuto) 4 lA (h+Fk) - hQ;kQ]
= [ een BT e s - w)
_ _h;;k: { [ (h—k) — Ai(hh_fzf — o’ A= (k+ h)} M) 4 g (U)}

sendo que a pemiltima igualdade resulta da definigao (2).
Combinando as equagoes (1) e (3), e atendendo a que

a%fuu) = (oA + k + h) he"v710),
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obtém-se

¢A,u(t_t0)
htk [2h+)\(hhfk +02)\} ehu=to) — g (u)
= —k# 2/ du
g to g(u)
2h + NZKITE | 52y et Q()
Y LR R L ik O / oy,
o2 o2 (PA+k+h)h [y, g(u)
kO KO2h (h+k)+X(h—k)o?+ a?\(h+ k) .
= h+k)(t—to) — — 1
gz (MR (E—t) =75 (AT kL) h ng ()l
k6 kO 2h (h + k 4 02)) g (t)
= R =) = o T {h—k‘+(k+h)
2k6 (h + k 266 [g(t
_ ?( ! )(t_to)__1 [2(h)]
2ko [ 2ne" 510
= 5 In
o g9()

(b) Como o futuro ¢ um Q-martingale, entao
F, = M x 6 x Bg[100% — E (T, T + 8)| ] .

Por outro lado, como

1
110X E(T,T+0)

P(T,T+6) =

entao

MX(SXE@{I—%[ﬁ—l”}}}
= Mx{1+6—Eq[P(T,T.,T+6)"'|F]}. (4)

=
Il

Utilizando a equagao (315) dos apontamentos, sabemos que

2
P(T,T,T+6) " = Me:x;p{p—

P(t,T+9) 2/; [BQ<T+5_S)_B2(T—S)}d5

T
+,0/ [B(T+5—s)—B(T—s)]dWP}.
t
Visto que

p/tT[B(TM—S)—B(T—s)]de@ (0,0 (t, T, T +5)),




entao

Bg [P (T,T,T +06)"| 7] .
2 T 2 9 112 ’TjT 5
- %GXP{%[ [B*(T+0—s) = B*(T' = s)]ds + 0+ < 5 i )}.

Finalmente, combinando as equagdes (4) e (5), obtemos:
F, = Mx (146 —MxP(t,T,T+6"

exp{p;/t [B>(T +6 —s)— B*(T — s)] ds—irv2<

t,T,T +0)
5 .

2. Via equagao (59) dos handouts, o valor da put Europeia (com 3 < 2) é dado por:

P (9, X, T) = _Steiq(Tit)Fx2(2+ﬁ,2z) (2"{X275) + Xeir(Tit)sz(ﬁ,%X?*B) (22)

2(r—q) (6)
- — 7" J— q
" (2 - ﬁ) 52 [6(275)(7‘*(1)(71*25) _ 1]7 (7)
e

T = HSffﬁe(Qf,B)(rfq)(T,t)' 5

Sendo a volatilidade da taxa de rentabilidade do activo subjacente ¢ igual a 30% ao
ano, entao, e via equagao (2) dos handouts,

30
0= % = 94.868330.
(10)"=
Retomando as equagoes (7) e (8),
2(2% —1
K= (2% — 1%) >~ 1.75565 x 1077,

(24 3) (94.86833)” [e@+3)(2%-1%)x05 _ 1]

x = 1.75565 x 107° x (10)*T? H3)@%-17%)x05 =~ 1 §(0092592.

Substituindo na equagao (6), entao

pe = —10x e X058 x Fa ) (2 X 175565 x 1077 x 87°9)

+8 X 672%X05 X QX2<L,2)(1.75565)(1075)(82“’3) (2 X 1800092592)

243

2
2+4573,2x1.800092592

= —10 X 6_1%X0'5 X FX2(2.4,3.600185183) (115058157) (9)
+8 X 6_2%X0'5 X QX2(0-471-15058157) (3600185183) .

Via tabela do enunciado, sabemos que

FX2(2.4,3.600185183) (115058157) - 09149421]_8 (10)



(a) A probabilidade Q,2(0.4,1.15058157) (3.600185183) pode ser calculada via aproximacao
de Sankaran, i.e.

Q2ap) (2) = 1-Q(x*(a,b) < 2)

{2« ()

z \P ]
. @[_—(T%) al ()
Oh
onde
- Ly et ey @t
= LR (1) s =D ) (- TR (1)
2 52 (a + 2b) o B a -+ 2b
el [1 (=) (=sm) (13)
h::1—§(a+b)(a+3b)(a+26)_2. (14)

Visto que a = 0.4 e b = 1.15058157, entao

2
ho= 12 (04+115058157) (0.4 + 3 x 1.15058157)

(0.4 + 2 x 1.15058157)
>~ (.454293378,

0.4+ 2 x 1.15058157

(0.4 4 1.15058157)°
—0.454293378 x (0.454293378 — 1) (2 — 0.4542933784)

(0.4 4 2 x 1.15058157)*
2(0.4 4+ 1.15058157)*

pp, = 14 0.4542933784 x (0.454293378 — 1)

(1 — 3 x 0.454293378)

= 0.633723021,

2(0.4 + 2 x 1.15058157)
(0.4 4 1.15058157)°

o7 = 0.454293378? x

0.4+ 2 x 1.15058157
(0.4 + 1.15058157)°

1— (1 —0.454293378) (1 — 3 x 0.454293378)
>~ ().566897941.

Utilizando a equagao (11),



(Q12(0.4,1.15058157) (3.600185183)

o~

®

( 3.60018

0.4+41.15

51833 )0.454293378

058157

—0.633723021

0.134436848.

v/0.566897941

Finalmente, combinando as equagdes (9), (10) e (15),

bt =

~

—10 x e %05 5 0914942118 + 8 x e 2%%05 » ().134436848

EUR0.21846.

3. Utilizando a Proposicao 22 dos apontamentos,

DPo

Com base nas equagoes (173) e (174) dos apontamentos:

P (S; =10,v, =0.09;7 = 0.5, X = 8)

Py (S; =10,v; =0.09;7 = 0.5, X = 8)

1%

1%

(a) Combinando as equagdes (16), (17) e (18),

Do

>~

—10 x e 10X05 5 (1 — 0.89011) + e~ 2%05 5 8 x (1 — 0.84388)

EUR0.14315.

4. (a) Utilizando a Proposigao 59 dos apontamentos,

onde

v

co [P (0,1.5) ;98.095%; 0.5]
= P(0,1.5)® (dy) —98.095%P (0,0.5) P (dy )

= 0.9753 x ® (d;’) — 0.98095 x 0.9932 x @ (dy ),

0.052
92

1.005%,

(0,0.5,1.5)

~

1%

Q

Q

1
2
0.89011,

1
2
0.84388.

—10 x e X055 1 — Py (S; = 10,0, = 0.09; T = 0.5, X = 8)]
+e 2705 5 8 % [1 — Py (S; = 10,1, = 0.09; T = 0.5, X = 8)].

1.22557595

™

1.08032970

™

ln(

[1 — ¢—2x(15-05)]

2
| (1.005%)

0.9753 )

0.98095x0.9932

2

1.005%

0.109272841,

5

9 1— 6—2><2><0.5

2 X2

(15)

(16)

(17)

(18)



IS
o=
I

0.109272841 — 1.005%
= 0.099222481.

Portanto,

co [P (0,1.5) ;98.095%; 0.5]

0.9753 x @ (0.109272841) — 0.98095 x 0.9932 x & (0.099222481)

= 0.9753 x 0.543506957 — 0.98095 x 0.9932 x 0.539519187

0.444%. (19)
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(b) De acordo com a Proposigao 61 dos apontamentos, o valor actual de uma call
sobre a CBB pode ser decomposto numa carteira de 2 calls Europeias sobre PBD:

co (B X = 104%; T = 0.5) (20)

4
= % X ¢ [P(0,1); X1;T = 0.5]

4
+ (% + 102%) x o [P (0,1.5); Xo: T = 0.5] .

Os strikes podem ser obtidos via equacao (327) dos apontamentos:

X; = exp[A(1—-0.5)—B(0.5) x 1.85%]
= exp(—0.0037 — 0.3161 x 1.85%)
=~ 99.055%,
e
Xy = exp[A(1.5-0.5)— B(1) x 1.85%]
= exp (—0.011234 — 0.4323 x 1.85%)
=~ 98.095%.
Portanto,
co (By; X = 104%;T = 0.5) (21)
4
_ % % ¢o [P (0,1);99.055%: T = 0.5]

4
+ (% + 102%) x ¢ [P (0,1.5);98.095%; T = 0.5] .

A segunda call j4 foi avaliada na alinea anterior —vide equagao (19):

¢o [P (0,1.5);98.095%:; 0.5] = 0.444%. (22)



Relativamente & primeira call, o enunciado fornece o seguinte valor actual:
co [P (0,1);99.055%; T = 0.5] = 0.327%. (23)
Combinando as equagoes (21), (22) e (23),

co (By; X = 104%; T = 0.5)
2% x 0.327% + 104% x 0.444%
0.468%.
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5. (a) Settlement date = 20/12/11 + 5 dias de calenddrio = 23/12/11.
Pretende-se avaliar uma obrigagao com os seguintes cash flows vincendos:

By =? 3.00% 3.00% 103.00%
23-05-11 23-12-11 23-05-12 23-05-13 23-05-14
Last coupon date Settl. Date Next coupon date Data de vencimento
0 (366-214)/366
< 214 dias (ACT) > = 0.4153 anos 1.4153 anos 2.4153 anos
) 366 dias (ACT) !

Portanto,

By = 3%P(0,0.4153) + 3%P (0, 1.4153) + 103%P (0, 2.4153)
= 3%P (0,0.4153) 4 3% x 0.9820 + 103% x 0.9663. (24)

Relativamente ao factor de desconto a 0.4153 anos, via equagoes (346), (343) e
(344) dos apontamentos,

N = \/(0.5)2 +2 % (0.05)% 2 0.5050,

2 % (60'505X0'4153 _ 1)

B(0.4153) = -
( ) 2 % 0.505 4 (05 + 0505) X (60.505><0.4153 _ 1)
= —0.3750,
e
2 x 0. .02 2% 0. (0.5++0.505) x %:4153
A(0.4153) = 2XUDxU02 ) X 0.505 x ¢ ;
(0.05) 2 x 0.505 + (0.5 + 0.505) x (e9-505x04153 _ 1)
= —0.0008.



Portanto,

P(0,0.4153) = exp(—0.0008 — 0.3750 x 1%)
= 0.9955.

Retomando a equagao (24), entao

By = 3% % 0.9955 4 3% x 0.9820 + 103% x 0.9663

>~ 105.464%.
‘ 3% 3% 103%
Vszd i +
(1 + 1‘47%)0.4153 (1 + 1‘47%)1.4153 (1 + 1‘47%)2.4153
>~ 105.35%.

Visto que VT4 < By, entdo decide-se nao vender.

yTesk = 3% N 3% L 103%
(1 + 1.449%)%4%% © (1 + 1.449%)“4%% * (1 + 1.449%)>41%
>~ 105.40%.

Visto que VT'** < By, entdo decide-se comprar.

Sejat = 0, T = 2 anos, K = 98.50%, M = $1M e P(T,T + 1) o factor de
desconto a 12 meses em vigor daqui a 2 anos. Consequentemente, o payoff terminal
da opcao, daqui a 2 anos, é dado por

V=M x P(T, T+ 1) x Lypirri1y<ky-

Consequentemente, o valor actual da opgao é dado por

MxP(T, T+1)x1
V, = P(t,T+1)xEq,,, ( 5T )T+ 1{)P(T’T“’<K} ft]
= MxP(t,T+1)xEq,,, [Lprrin<xy| F]
= MxPt,T+1)xQr[P(T,T+1) < K|F].
Visto que
P(T,T+1)=expl[A(1)+ B(1)ry],
entao

V; = MXP(t,T+1)><@T+1[A(1)+B(1)TT<1I1(K)|ft]

= MxP(tT+1)x Qry |:TT> In () {1;4(1)'7%}

B
= Mx P(t,T—l— 1) X QX%%() |:111 (g)(;)ﬁ(l)] ’ (25)
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visto que
T Qs 2 (4K
L X 0_2 ) 7

(T—-1)

com

8ryy2e)
AT T [ 0 + 1]+ [F = o? x B[00~ 1]}
- C 2

(0.05) 7% (%5032 — 1)1 [8 x 1% x (0.505)% x ¢*305%2]

{0.505 [€0505%2 4 1] + [0.5 — (0.05)* (—0.7867)] [¢0505x2 — 1]}
>~ 4.637694995

02 GV(T*t) —1
2 4 [T 1]+ [k — 02 x B(1)][e?T=) — 1]
= L,

(0.05)? £0:505x2 _ 1

2 0.505 x [€0-505%2 4 1] 4 [0.5 — (0.05)% x (—0.7867)] [¢0-505%2 — 1]
>~ 0.000788367.

Portanto,

sz(m

0'27

In (K)— A(1)
9 [ B(1)L }
In (98.5%) — (—0.0043)
(e (20025 4 637601005 [—0.7867 x 0.000788367
= QX2(16,4.637694995) (17.49952893)
>~ (.361963928.

Finalmente, recuperando a equagao (25), entao

V, = $1M x 0.9566 x 0.361963928
~  EUR346,242.03.



