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Based on Proposition 66 of the handouts, we know that

Eqg [e’\’"T exp (—u /t ' rsds) \ft] =exp [pr, (T —t) =10y, (T—1)], (1)

where functions ¢, , (T'—t) and v, , (T'—t) are given by equations (363) and
(364) of the handouts.

Hence, the moment generation function of 7 under measure Q is given by:

M (t,T;r,0) = Eg(""|FR)
= exp [¢_go (T =) —rp_g0 (T = 1)], (2)

for any # € R. Consequently, the first moment of the random variable r can be
found through the first derivative of its moment generation function, i.e.:

0
Eg (rp| F:) = %M(t,T;T,H)
0=0

([ 00 -r o -0 p7r0)

0=0

0
— Ty %@D—e,o (T —1)

0
= %Cb—e?o (T —1)
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Using equation (152) of the handouts, the European-style call price is

¢ (S, X, T) = See 1 TDP (Sy, 0T, X) — e " T DXPy (S, 0T, X),  (3)

with
1 1 [ —ipIn X) . (S, v T,
Py (Suos?.X) =5+ [ Re[exp( o) oy Bu v TN 4
2 ™ Jo Zd)
for j = 1,2, and where
Pj (St,v; T, @) = exp [Cj (0;T —1t) + Dj (9, T — t) vy +idpIn Syl . (5)

Functions C; (¢; 7 —t) and D; (¢; T —t) are given by equations (135) and (136)
of the handouts.



We want to show that
Ct (>‘St> >‘X> T) = >‘Ct (St> Xa T) ) (6)

for A € R. The key step is to show that the exercise probabilities P; (S, vi; T, X)
are homogeneous of degree zero in the spot and the strike. For this purpose, and
combining equations (4) and (5), then

Pj ()\St, Ut T, )\X)

1 1" exp (—ig In (AX)) p; (ASi, vi; T, ¢)

~ L [ (O e O @T 4 DT -t s (S)),
2 7)o (o)

N T e exp (—igIn (X)) ¢; (S, v; T, 9)

= 3 + ;/O Re { i ] do

= Pj(St,'Ut;T,X). (7

Combining equations (3) and (7), then

et AS, AX,T) = ASie 9T DP (AS;, v T, AX) — e "T=ONX Py (ASy, vg; T, AX)
= ASwe TP (S, 0T, X) — e "TONX Py (S, v, T, X)
= MNSie TP (S 05T, X) — e " T IXPy (S, 0T, X)]
= )\Ct (St,X, T) .

2. Via equagao (64) dos handouts, o valor da call Europeia (com 3 > 2) é dado por:

G (S> X, T) = Ste_Q(T_t)Q 2(%72@(27&) (2x)_X6_T(T_t) 1- Qx2(2+%72x) (QKXQ_ﬁ)] )

X
(8)
_ 2(r—q o)
(2 — ) 6% [e@-Br—a)(T-t) — 1)’
e
v = kS P BT (10)
Retomando as equagoes (9) e (10),
1 3
= 2(1% - 3%) =~ 150.0833244,
(2 — 4) (0.04)? [e@-H(%=3%)x2 _ 1]
e

z = 150.0833244 x (5)> 1 e@~D(1%=3%)x2 =~ § 503332978,

(a) Substituindo na equagao (8), entao
e = 5N Q s osamans ) (2 X 6.503332078)
—5x e [1-Qu ) (2% 150.0833244 x 5°74)]

= 5% e 2 % Qa(1.19.00666506) (13-00666596) (11)
—5 X 671%X2 X FX2(3,13.00666596) (1200666596) .

24125 ,2x6.503332978

2



Via tabela do enunciado, sabemos que

F\2(3.15.00666506) (12.00666596) = 0.333949115. (12)

A probabilidade Q2(1,12.00666596) (13.00666596) pode ser calculada via aproximagao
de Sankaran, i.e.

Qy2ap) (2) = 1=Q(x*(a,b) < 2)

- o] < () )

. @[_L@O_‘“h_, (13)
onde
_ L2 o (@ 20)°
= 1 (1) oy =D -0 (-8 TR ()
2 52 (a + 2b) o B a -+ 2b
el [1 (=) (=) s (15)
him1—2(a+b)(a+3b)(at26)2. (16)

3
Visto que a = 1 e b = 12.00666596, entao
2
h = 1-— 3 (1 + 12.00666596) (1 + 3 x 12.00666596)

(14 2 x 12.00666596) >
0.486940156,

1%

142 % 12.00666596

(1 + 12.00666596)>
—0.486940156 x (0.486940156 — 1) (2 — 0.486940156)

(14 2 x 12.00666596)
2 (1 + 12.00666596)"

py, = 140.486940156 x (0.4869401568 — 1)

(1 — 3 x 0.486940156)

12

0.961157106,

2 (14 2 x 12.00666596)
(1 + 12.00666596)*

o7 = 0.486940156° x

1+ 2 x 12.00666596

1 — (1—0.486940156) (1 — 3 x 0.486940156) .
(1 + 12.00666596)

I

0.072567679.



Utilizando a equagao (13),

14-12.00666596

13.00666596) =
(2 (1,12.00666596) ( ) 0.072567679
>~ (0.442674586. (17)

. [ (2300666396 ) 0459940156 _ ) 961157106

Finalmente, combinando as equagoes (11), (12) e (17),

¢ = b xe 32 % 0.442674586 — 5 x e 72 % 0.333949115
~  EUR0.44779.

(a) Utilizando a Proposigao 22 dos apontamentos,
o = 5xe OB P (S, =5 v, =004T=025X =5) (18)
—e X025 5 % Py (S, = 5,1 = 0.04;T = 0.25, X =5).
Com base nas equagoes (173) e (174) dos apontamentos:

1 0.04412373
Pl(St:5,'Ut:004,T:025,X:5) ~ -4+ —

2 T
= 0.5140450, (19)
e
1 —0.08197835
PQ(St:5,Ut:004,T:025,X:5) ~ §+—
™
>~ (.4739055. (20)

Combinando as equagoes (18), (19) e (20),

o = 5 xe X025 505140450 — e >0« 5 % 0.4739055
~ FUR0.18741.

(b) Com base na alinea b) do Caso 1, sabemos que no modelo de Heston (1993) uma
call Europeia é uma fungao homégenea de grau 1 no spot e no strike. Conse-
quentemente,

o (So=10; X =10;T =0.25) = 2x co(S =5; X =5;T =0.25)
= 2x0.18741
= EURO0.37482.



4. (a) Settlement date = 18/12/12 + 3 dias de calenddrio = 21/12/12.
Pretende-se avaliar uma obrigacao com os seguintes cash flows vincendos:

Bo="? 6.00% 6.00% 106.00%

| | | | |

| | | | |
20-09-12 21-12-12 20-09-13 20-09-14 20-09-15

Last coupon date Settl. Date Next coupon date Data de vencimento
0 (365-92)/365

< 92 dias (ACT) > = 0.7479 anos 1.7479 anos 2.7479 anos

) 365 dias (ACT) g
Portanto,
By = 6% x P(0,0.7479) + 6% x P (0,1.7479) + 106% x P (0, 2.7479)
= 6% x 0.9939 4 6% x 0.9843 + 106% x P (0,2.7479) . (21)

Relativamente ao factor de desconto a 2.7479 anos, via equagoes (268), (269) e
(270) dos apontamentos,

1 — o—4x2.7479
B(2.7479) = ef
~ (.25,
A@7479) = (025 —2.7479) (001 — 2 ) = 0 o g .05y2
' T ' ' 2 x 42 4% 4 '

1%

—0.0242,

P(0,2.7479) = exp(—0.0242 — 0.25 x 0.5%)
>~ (.9748.

Retomando a equagao (21), entao

By = 6% % 0.9939 4 6% x 0.9843 + 106% x 0.9748

>~ 115.201%.
(b) Montante de juros vencidos:
92
Al = —
6% 365
=~ 1.512%.

Portanto, ‘
VT = 113.50% + 1.512% = 115.012%.

Visto que VT4 < By, entdo decide-se nao vender. Por outro lado,
VT** =113.60% + 1.512% = 115.112%.

Visto que VT%* < By, entdo decide-se comprar.
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(c¢) Sendo a opcao ATM-forward, entao o strike é dado por:

~ P(0,25) 09772

X = = =~ (.9856.
P(0,1)  0.9915

Utilizando a Proposicao 59 dos apontamentos,
po [P (0,2.5);98.56%; 1]
= —P(0,25)® (—d;) 4+ 98.56% x P (0,1)® (—dy)
= —0.9772 x ® (—dy ) + 98.56% x 0.9915 x ® (—dy ),

onde
0‘12 9 1— 6—2><4><1
1.92. — ] —e4x@-D)F
v(0,1,2.5) E e TY
>~ 0.882%,
) 0.882%)>
& = In (0.98?69%.29915) + 4 2 :
! 0.882%
=~ (0.004407723,
e
d(‘)/ = 0.004407723 — 0.882%
& —0.004407723.
Portanto,
po [P (0,2.5);98.56%; 1]
= —0.9772 x ® (—0.004407723) + 98.56% x 0.9915 x & (—0.004407723)
= —0.9772 x 0.498241579 + 98.56% x 0.9915 x 0.501758421
>~ (.344%. (22)

5. Pretende-se avaliar a seguinte opcao:

po [P (0,3); K = 97.182%;1].

Via Proposicao 68,

po[P(0,3); K =97.182%;1] = —P(0,3) X Q2 (T) (23)

g \I

7,,*
+0.97182 x P(0,1) x Qua. (L—1> :

sendo

\/22 +2 x (10%)?
>~ 2004993766,

)
|
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8/]"t/>/267(T1 _t)

2 = PEE I (T O+ 1+ k= BB =) @D 1]}
— |:8 % 1% % (2004993766)2 % 62.004993766X1] {012 % (62.004993766><1 o 1)
[2.004993766 x (0049937061 4 1)
+(2 = 0.12 x (—0.4903)) (>001903766x1 _ 1)) 17
= 1.248066071,
I o? V(1) _ 1
27 2 4@ + 1]+ [k — 02B (Ty — Ty)] [0 — 1]
0.12 > (62.004993766><1 _ 1)

_ 2

~2.004993766 (¢2004993766x1 4 1) 4 (2 — (.12 (—0.4903)) (2004993766x1 _ 1)

= (0.001079001,

e
r* = IH(K) - A(TQ - Tl)
B (T, —T7)
B In (0.97182) — A(3—1)
B B(2)
B In (0.97182) — (—0.0151)
—0.4903
=~ 2.753%.
Portanto,
po [P (0,3); K = 97.182%; 1] (24)
2.753% -~
= —0.9705 x QX%8,1.248066071) (m = 2551724263)
2.753%
+097182 x 0.9901 x QX%8,1.2493880) (m = 2549024311) .

(a) Com base no enunciado, podemos calcular as duas probabilidades contidas na
equagao anterior:

Q.2 (25.51724263) = 1 — 0.995478682 = 0.004521318, (25)

(8,1.248066071)

Q.2 (25.49024311) = 1 — 0.995433822 = 0.004566178. (26)

(8,1.2493880)

Finalmente, combinando as equagoes (24), (25) e (26),

po[P(0,3); K =97.182%;1] = —0.9705 x 0.004521318
+0.97182 x 0.9901 x 0.004566178
0.00000557.
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