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Based on equations (29) and (59) of the handouts,

pe (S, X, T) = _Steiq(Tit)sz(uﬁaz(st;r)) (2 (1) X*77) (1)
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We want to show that
Pt ()\St, )\X, T) = )‘pt (St, X, T) . (4)

Using equation (1), then

pe(AS, AX,T) = _)‘Steiq(Tit)sz(%ﬁzx(xsﬁﬁ) (% (7) ()\X>2_ﬁ)
+)\X€7T(T7t)Q 2( 2 725(7)(>\X)27B) <2:C O\St;T))
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and equation (4) follows as long as both probabilities on the right-hand side of
equation (5) are homogeneous of degree zero in the last two arguments, which is
the case as long as

o2 — 5255—2’
i.e )
2= (6)
SP2

where 0 € RT.



Combining equations (2) and (6), then
k(1) (AX)?P = NP2k (r) X2F°
— AP 022 (T — (]) X258
(2 = B) =i [e@P0—07 1]
— 9 0-22 (T _2 q) X2—5
(2 —7) P [e@=B)(r—aT — 1]
= 2k (1) X*P, (7)
Similarly, combining equations (3) and (6), then
2¢ (AS;;7) = 2k (1) (AS)> P AT

_ 2 (7“ —q) A28 g2-B,2-B)r—a)
(2 - B) 5 Fs [0 — 1]
_ 2 (7“ —4q) 2B, (2-B)(r—a)r
(2 - ﬁ) [ @=A)r=a)r —1]
= 2k (T )52 —B)(r—q)T
= 22(S4;7). (8)

Finally, combining equation (4) arises after combining equations (5), (7) and (8).
On the determination date, the value of the forward-start option is equal to the
value of the corresponding standard option:

p% (ST17 X = aST17T2) = pTl (ST17X = OéSTl,TQ) . (9)
On the other hand, equations (29) and (59) of the handouts imply that
Py (ST17X = aSTlvTQ) (10)
_ —q(Ts— 25
___&ewamFWﬁ%m%%%”@ME—ﬂﬂww )
—T1) ST
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and

z(S;7) = k(1) S Pe2=Ar—a),
But since both probabilities on the right-hand side of equation (10) are homoge-

neous functions of degree zero on the spot and the strike, equation (10) can be
restated as

pry (Sty, X = aSpy, 1)
= —Spe ?BTVE X2 (24525 20(1T5—T1)) <2K(T2 Tl)(a)Q_ﬁ)
+aSn e Tl)QXZ(_B 2e(To—T1)(2)*") (2x (1; Ty, — T1))
= Sy xpp (LX =a,Th). (11)
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Combining equations (9) and (11), then

vt

i.e.

(Stv X = aST17T2) = eir(Tlit)EQ [p% (STNX = aST17T2) ‘f;‘/

6—r(T1—t)EQ [STl‘ft] X pny (1> X = o, TQ)
_ efr(Tlft)Ste(rfq)(Tﬁt)pTl (1, X = a,T5)
= S (1,X = a,Th),

ptf (St7X = OéSTl,TQ)

= SR s ) (26 (5~ T (2)7)

—q(Tr—t) ,—r(1T2—T .
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Using the risk-neutral measure Q associated to the numeraire money-market ac-
count, the present value of the deposit is

Vi

= EQ{eXp <—/tTr5ds) M+ M x E(T, T +6) x 6] \J—“t}

= MP(t,T)+ MEqg [exp (— /tT rsds) x E(T,T + 6) x 6|ft] . (12)

Using the identity

P(T,T+06)=[1+6x E(T,T+0)]",

equation (12) can be rewritten as

Vi =

MP (t,T) + MEq {exp (— /tT rsds) x [P(T,T +0)"" —1] \]—}}
MP (t,T) + MEq [exp (— /tT rsds) x P(T,T+6)"" \]—“t] — MP(t,T)

MEq [exp (— /tT rsds) x P(T, T +6)™" |J-}} . (13)

Changing to the forward measure Q7 associated to the numeraire P (t,7T"), equa-
tion (13) becomes

V, = MP(t,T)Eq,

P(T,T+6)""
P(T,T) ‘ft]
P(t,T+6)""
P(t,T)
= MP(t,T+6)".

= MP(,T)



2. Via equagao (59) dos handouts, o valor da put Europeia (com 5 < 2) é dado por:
ST = STy () X (20,

(14)
9 (r —
_ (r—q) : (15)
(2= B) & (DT _ 1]
e
T = /{Sf_ﬁe@_ﬁ)(r_qu_t). (16)

Sendo a volatilidade da taxa de rentabilidade do activo subjacente & igual a 25% ao
ano, entao, e via equacao (2) dos handouts,

25
5= 2% _ 0700560,
(10) =
Retomando as equagoes (15) e (16),
2(1% —2
K= (1% = 2%) = 1.616053333,

(2= 1) (0.790569)* [e(2-1(1%—2%)x2 _ 1]

z = 1.616053333 x (10)°~" 2~ DI%=2%)x2 = 15 84053333.
(a) Substituindo na equagao (14), entao
pe = —10x e 72 x Fa ) (2% 1.616053333 x 10*7")

+10 % ¢ X Qa2 o1 grsosasasace-) (2 X 15.84053333)

2+ 527 ,2x15.84053333

= —10 x e x Fl2 43168106666 (32-32106666) (17)
+10 x €71%X2 X QX2(2,32.32106666) (3168106666) .

Via tabela do enunciado, sabemos que

F\24.31.68106666) (32-32106666) = 0.416953552. (18)

A probabilidade Q,2(2,32.32106666) (31.68106666) pode ser calculada via aproximagao
de Sankaran, i.e.

Qv (2) = 1-Q(x*(a,b) < 2)

ol < ()

- [_L%)O_ il (19
onde —
= I S AR Gt
p, =1+h(h—1) P h(h—1)(2=h)(1—3h) YA (20)



2 ,92(a+2b) o B a+2b
e IR (21)
h::1—§(a+b)(a+3b)(a+2b)2. (22)

Visto que a = 2 e b = 32.32106666, entao

2
ho= 15 (2+32.32106666) (2 + 3 x 32.32106666)

(24 2 x 32.32106666)
>~ (.490146429,

2 + 2 x 32.32106666

(2 4 32.32106666)
—0.490146429 x (0.490146429 — 1) (2 — 0.490146429)

(2 4 2 x 32.32106666)
2 (2 + 32.32106666)"

pp, = 140.490146429 x (0.490146429 — 1)

(1 — 3 x0.490146429)
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0.985577577,

2(2 4 2 x 32.32106666)
(2 4 32.32106666)°

or = 0.490146429% x

2 4+ 2 x 32.32106666
(2 4 32.32106666)

1 — (1—0.490146429) (1 — 3 x 0.490146429)
>~ (.566897941.

Utilizando a equagao (19),

0.490146429
o Les100006) — @ |- (%) — 0.985577577
X?(2,32.32106666) (91- 0.566897941

>~ 0.557599022. (23)

Finalmente, combinando as equagoes (17), (18) e (23),

—10 x e 2%%2 % 0.416953552 + 10 x e~ %2 x 0.557599022
EUR1.45953.
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(a) Utilizando a Proposigao 22 dos apontamentos,
po = —10x e 2L [1 =P (S =10,0,=0.09;T =1, X =10)] (24)
_i_efl%xl x 10 % [1 _ P2 (St — 107Ut = OOQ’T = 1,X = 10)] .

Com base nas equagoes (173) e (174) dos apontamentos:

1 0.11419742
Py (S =10,0,=0.09%T =1,X =10) ~ -4 —"""=

2 T
= 5.3635E — 01, (25)
e
Py (S, =10,v, =0.09; 7 =1,X =10) =~ %4—%
= 4.4517TE — 01. (26)

Combinando as equagoes (24), (25) e (26),

po = —10x e 2PN 5 (1 -5.3635E — 01) + 10 x e 12 x (1 — 4.4517E — 01)
>~  EUR0.94839.

(b) O payoff terminal de uma range asset-or-nothing é dado por
RANr (S, X,T) = Srllix,<sp<x,}-
Consequentemente,

RAN (S, X,T) = e """ DEq (Srllix,<sr<x,}| Ft)
Stllix,<Sr<xp}

= StentQS < STeqT ft)

= S 1T IQg (X, < Sp < X3| Fy)
= Steiq(Tit) [@S (ST < Xb‘ ft) - @S (ST < Xa| ft)] . (27)

Visto que
Qs (Sr < X[ F) =1— P (Sp,vi; T, X)), (28)
entdo combinando as equagoes (27) e (28),
RAN, (S, X,T) = S;e T D[Py (S, v T, X)) — Pr (Sy, v T, X3)] - (29)

No caso em apreco

Py (Sp, v T, X, = 10) & 5.3635E — 01

e
1 —0.83281298
Py (SyoiT, Xy =12) =~ S ———
T
= 2.3491F —01.
Portanto,

RANy, = 10 x e 22 x (5.3635E — 01 — 2.3491F — 01)
~ EUR2.955.



(a) Pretende-se avaliar uma obrigagdo com os seguintes cash flows vincendos:

By =? 2.00% 2.00% 102.00%
20-04-13 19-12-13 20-04-14 20-04-15 20-04-16
Last coupon date Settl. Date Next coupon date Data de vencimento
0 (365-243)/365
< 243 dias (ACT) > = 0.3342 anos 1.3342 anos 2.3342 anos
) 365 dias (ACT) !

Portanto,

By = 2%P (0,0.3342) + 2%P (0, 1.3342) + 102%P (0, 2.3342)

— 2%P (0,0.3342) + 2% x 0.9769 + 102% x 0.9577. (30)
Relativamente ao factor de desconto a 0.3342 anos, via equagoes (269) e (270) dos
apontamentos,

1 — o—3x03342
B(0.3342) = ef
>~ 0.2110,
e
A(0.3342) = (0.211 — 0.3342) (2% — 003 003" (0.211)2
' - ‘ °T9(3)2) 02195x3 "
= —0.0025.
Portanto,

P(0,0.3342) = exp(—0.0025 —0.211 x 1%)
= 0.9954.

Retomando a equagao (30), entao

By = 2% % 0.9954 4 2% x 0.9769 + 102% x 0.9577
~ 101.63%.

(b) Utilizando a Proposi¢ao 59 dos apontamentos,
co [P (0, 2.3342) ; 96.12%:; 0.3342]

= P(0,2.3342) @ (dy) — 96.12%P (0,0.3342) @ (dy )
= 0.9577 x ® (d}’) — 0.9612 x 0.9954 x @ (dy ) ,



onde

0.032 L1 — - 2x3x03312
.3342.2.3342) = 1 — e3%2
v (0,0.3342, 2.3342) \/32 [1— e-3x2 —
>~ 0.379%,
.9577 (0.379%)?
& = In (0.96(1)2950.9954) +7
! 0.379%

Il

0.243954083,

dy = 0.243954083 — 0.379%
>~ 0.240165681.

Portanto,

co [P (0,2.3342) : 96.12%: 0.3342)]

0.9577 x ® (0.243954083) — 0.9612 x 0.9954 x ® (0.240165681)
0.9577 x 0.596366809 — 0.9612 x 0.9954 x 0.594899091

0.193%. (31)

I

(c) De acordo com a Proposigao 61 dos apontamentos, o valor actual de uma call
sobre a CBB pode ser decomposto numa carteira de 2 calls Europeias sobre PBD:

co (By; X = 100%; T = 0.3342) (32)

= 2% x ¢o [P (0,1.3342) ; X,; T = 0.3342]
+102% X o [P (0,2.3342) ; Xo; T = 0.3342] .

Os strikes podem ser obtidos via equagao (327) dos apontamentos:

X, = exp[A(1.3342 — 0.3342) — B (1) x 1.905%]
exp (—0.0136 — 0.3167 x 1.905%)
98.05%,

12

X, = exp[A(2.3342 — 0.3342) — B (2) x 1.905%]
= exp (—0.0333 — 0.3325 x 1.905%)
96.12%.

12

Portanto,

co (By; X = 100%; T = 0.3342) (33)
= 2% x ¢o [P (0,1.3342) ;98.05%; T = 0.3342]
+102% X co [P (0,2.3342) ;96.12%; T = 0.3342] .
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A segunda call j& foi avaliada na alinea anterior —vide equagao (31):
co [P (0,2.3342);96.12%; T = 0.3342] = 0.193%. (34)
Relativamente & primeira call, o enunciado fornece o seguinte valor actual:

co [P (0,1.3342) ;98.05%; T = 0.3342] = 0.187%. (35)

Combinando as equagoes (33), (34) e (35),

co (Bi; X = 100%: T = 0.3342)
2% x 0.187% + 102% x 0.193%
0.2%.

12

Seja t = 0, Ty = 1 ano, K = 5o = $5682 = 0.9802, M = $1M ¢ P (T, T) o

valor daqui a 1 ano de uma obrigacao de cupao zero com vencimento daqui a 2
anos (T5). Consequentemente, o payoff terminal da opgao, daqui a 1 ano, é dado
por

VT1 =M x P(Tl,TQ) X ]l{P(Tl,Tg)>K}-

Consequentemente, o valor actual da opcao é dado por
M x P (T1,Ts) X Lyp(ry,m)>K)}
P(Ty,Ts)

= M x P(t,Tg) X EQTz [H{P(Tl,T2)>K}}ft]
= M x P(t,TQ) X QT2 [P(Tl,TQ) > K‘E]

V; = P(taTQ)XE@TZ

;

Visto que
P (Tl,Tg) = exXp [A (TQ - Tl) + B (TQ — Tl) TT;[] s

entao

Vi = MxP#T)xQn[A(Ty—T)) +B(To—T1) ry, > In (K)| F]
IH(K) —A(T2 _Tl)

= MxP(t,Ty) xQp, erl < B(Th—T)) Fi
In(K)— A(Ty — T
= Mx P(,Ty) x Faug ) ln(B)(T2 —<Tf)L 1)] | (36)

visto que

rn On o (4RO
7 X (UQ,C )

com

v = \/(4)2 +2 x (0.1)* = 4.0025,



8ryy2e(Ti—t)

[T — 1 {7 [ 1 + [k — 0% x B (T3 — T)] [1059 — 1]}

8 x 1% x (40025)2 X e4.0025><1
(0.1)2 (¢%0025x1 _ 1) {4.0025 X [e40025x1 4 1] 4 [4 — (0.1)2 > (_0‘2454)] [4.0025x1 _ 1]
= 0.297946479

e
I o2 eV(Ti—t) _q
= ?7 [eYTi=0) + 1] + [k — 02 x B (T, — T1)] [e?T1—8) — 1]
(0.1)? £A0025x1 _ |
B 2 4.0025 x [e+0025x1 4 1] 4 [4 — (0,1)2 % (_0_2454)} [e40025x1 _ 1]
= 0.000613202.
Portanto,

- In(K)— A(Ty — T)

(<) { B(Ty—T) L }

- In (0.9802) — (—0.0151)
X2 (#555%,0.207946479) {—0.2454 x 0.000613202}

F\2(32,0.207946479) (32.30285158)

0.361963928.

12

Finalmente, recuperando a equagao (36), entao

Vi = $1M x 0.9632 x 0.533444162
= LEUR513,814.83.

(b) The new model is a multi-factor CIR with two factors (n = 2). Therefore,
Ty = f + G/ : }/;57
with f=0,G=[1 1],%=[1% 0.25% |, and

B 4 % 2% -4 0
v = ([ ] ) e
L% o 7 [y 0 ] [ dwg
0 10% 0 Voo || awl |-
(¢) Under a multi-factor CIR, the discount factor is equal to the product of the
discount factors associated to each square-root process. Therefore,
P(0,2) = exp[A(2)+ B(2) x 1%] x exp[A(2) + B(2) x 0.25%)
= exp[2 x (—0.0350) + (—0.2498) x (1% + 0.25%)]
= 0.929499381.
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