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CASO 1

a) Prove the valuation formula for a European-style down-and-in call with a
barrier level (L) lower than the strike (X) and without rebate.

Utilizando a equacdo (129) dos apontamentos,
Sabemos que:
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b) Consider a European-style put option on the stock SLB, with maturity after 3
years and strike equal to the stock price after 1 year. Please show that such
option contract cannot be more expensive than a plain-vanilla European-style
and at-the-money put option on the stock SLB with maturity after 2 years.

The European-style put option on the stock SLB, with maturity after 3 years and strike
equal to the stock price after 1 year is a forward start option on the strike whose price
today is equal to:

Py (S0, X = 51,3y) = Soe™™p, (1,1,3y).

Assuming that the interest rate, the dividend yield and the vol are constant over
the next 3 years, and using the homogeneity property, then

P} (S0, X = 51,3y) = e~'p; (So,So,3Y)
= e_qX1P0 (S0, S0, 2y)
< po (S0, S0, 2Y),

[IP2)

because “q” is nonnegative.

c) Please state the static hedging strategy that shall be adopted to hedge a short
position on a range asset-or-nothing option using only standard and cash-or-
nothing European-style options

Combining Propositions 8 and 10 of the handouts,

RA, (S, X, X,.T)=M -5, - ol (x,))- ela) (x,))
=M -5l (X,)-M-S, - -2ld (x,))

= A1), (s, x,,T)- A1) (S, X,.T).
On the other hand, the BSM formula for a standard call is:

¢ ($,X.T)=5 e - ®d(d"(X))-X e - dd” (X))

= A(1),(5,x,7)-D(1),(S, X,T:M = X),
where the second equalitry follows from Proposition 4 of the handouts.
Consequently,

RA (S,.X,,X,,T)=c,(8,X,,T)+D(),(S.X,.T;M =X,)
—le (s, x..7)+D(),(5. X, T:M =X )]




Portanto, para criar uma posi¢ao long artificial range asset-or-nothing option é
necessario:
1) Comprar uma standard call com strike X, ;

2) Comprar uma cash-or-nothing call com contract size igual ao strike X, ;
3) Vender uma standard call com strike X ;
4) Vender uma cash-or-nothing call com contract size igual ao strike X .

CASO 2

a)

ro e =141426%x %, = r = oxIn(l+ 2.5%><%2)z 2.4845%.

.1° valor:

2
2,697.85=2,667.63x exp{{2.4845% -3% —%}XO—:+ &,%0.2%x, /%5}

2
ln(2’697'85 j - {2.4845% ~3%- (0'22) }xO'S

2,667.63 6
= 82 6= 05
02%.—
6
& &,,=02314.
.2° valor:

Vé,2 = max(3,29 1.80- 2,800;0)X 1{5min>2,400}
=491.80x 1{2,784.70>2,400}
=491.80.

.3° valor:




Vo= max(2,476.07 - 2,800;0)x L5 min>2.400}

= 0145 300,892,400}
=0x0
=0.

b)

24845905 1,212.83

V.o=e
0 10

=119.79.

L\ e 24snos  [501,806.25 — (1,212.83)7
olv,)= X 10 = 62,

J10 10-1

c)

Existem apenas duas simulacdes (#6 e #7) em que hd o evento de knock-out (na
medida em que a cotacdo minima € menor ou igual a barreira definida).

Nestas duas simulacdes o payoff obter pelo detentor da op¢do serd ndo de zero
(conforme estabelecido na tabela do enunciado) mas sim de 100 pontos de indice para
cada simulacd@o. No entanto, e visto que o rebate é non-deferrable, tal payoff ocorrera
ndo na maturidade mas sim aquando do evento de knock-out: daqui a 3 periodos para
a simulacdo #6 e daqui a 4 periodos para a simulagdo #7.

Assim sendo, o valor actual da op¢do passard a ser igual a

—2.4845 %><0.5><é —2.4845 %><0.5><i

o 24845905 x1212.83+e 6 %100+ e 6 %100
10

Vo =

—2.4845 %><0.5><é —2.4845 %><0.5><ﬁ

¢ 205 ] 910 83 L€ 6 %100+ e 6 x100
10 10

19.86; 139.64
=119.79+198.56

=318.34.




CASO 3

a) Formulate a trading decision for a (USD denominated) bank deposit with
expiry date after 6 months, and with a variable return equal to 2% if the Dow
Jones index decreases (after 6 months) below 20,000 index points.

rio e 2 1425% %6/ = r=2xInll+2-5%/) = 2.4845%.
12 2

Concerning the variable return component, and denoting the Dow Jones index price
by “S”, then

2% & S,,, < 20,000
VR,, =
0% < ELSE

=2%x pd, (S; X =20,000,T =6M; M =1).
Therefore,
Bo — 100% Xef2.4845%><0.5 +VR0,

and

VR, =2% x p{ (S; X =20,000;T =6M; M =1)

= 2% x ¢ 245%05 3 N[ 1 (20,300;20,000)]

20,300 ~ _(0-2)7
1n( Ao,oooj*(z-“g“% 2% ) |x05

N[-d (20,300;20,000)]= N| -

O.ZXM
= N(-0.0517)
=1-N(0.0517)
=1-N(0.05)
=1-0.5199
=0.4801.

Hence,
VR, = 2% x e BP0 () 3594 = 0.95%,

and




B, =98.77%+0.95% = 99.71% < 100% = Do not invest.

b) Formulate a trading decision for a (USD denominated) bank deposit with
expiry date after 6 months, and with a variable return equal to 2% (after 6
months) if the Dow Jones index ever decreases below 20,000 index points at
any moment during the next 6 months.

BO — 100% % e—2.4845%><0.5 + VRO ,

2% < inf (S,)< 20,000

VR6M = O<u<6M
0% < ELSE

=2% X 1L inf (S, )<20,000}
<u<6M
Hence,

VR, = 2% x & >85%03 Q[ inf (S,)<20,00

O<u<6M

5]

Since the variable return value corresponds to the present value of a non-deferrable
knock-out rebate equal to 2% and associated to a down barrier of 20,000 index
points, we can use Proposition 54 of the handouts (with 7=—1) to compute the

following probability:

FO}
= N[ a2 (20,300;20,000)|+ [20,000
20,300

b

Q[ inf (S,)<20,00

O<u<6M

2u

j” N]d¥ (20,000:20,300)}

where

p=r-q=0/ =2.4845% ~ 2% - (0-5)% = -0.01515.

Using the results from the answer to the previous question, then
N[-d2 (20,300;20,000)] = 0.4801.

Auxiliary calculus:




20,000 ~ _(0-2)7
( 40’300){2.4845% 2% ) |x05

In
N[d (20,000:20,300)] = N

0.2x+0.5
= N(-0.1589)
=1-N(0.1589)
=1-N(0.16)
=1-0.5636
=0.4364.
Therefore,
2x(-0.01515)

20,008} " X0436420.921232,

Q[ inf (S,)< 20,00

O<u<6M

FO} = O.4801+(

b

VR, =2% x e >***%*° x0.921232=1.82%,

and

B, =98.77%+1.82% =100.59% >100% => Invest.

c¢) Compute the fair value of a (USD denominated) bond with a time-to-maturity
of one year, bullet redemption (at par value) and a semi-annual coupon equal
to 60% of the semi-annual devaluation rate (if any) of the Dow Jones index.

The fair value equals the present value of the principal redemption plus the present
value of the two coupons (to be received after 6 and 12 months):

100%
B, = ﬁ +Con (O)+ Cion (0)

The first coupon (to be received after 6 months) will be equal to:




C,,, (6M)=60%x max[0%;S°;ﬂj
0

_60%

xmax(0%;S, - S,,, )

0

_ 60%
SO

X Poum (SéM A ;6M)'

Therefore, the present value of such coupon is equal to:

60%
Cou (O) = S—OX Po (So;So;6M)

0

= 60% x1,107.45
20,300

= 3.273%,

where the second line follows the table with option prices contained in the exam
sheet.

The second coupon (to be received after 12 months) will be equal to:

6M

Chou (1 2M ) = 60% x maX(O%;MJ

= 60% X max[O%;l — Slﬂ]

oM

= 60% X iy (Siouss Ser 312M ).
Therefore, the present value of such coupon is equal to:

Chau (O) =60% x pgf (So; Seu ;12M)
— 60% < e—2.4845%><0.5 % p6M (1,1;1 2M )
Since the 6 and 12 month spot rates are the same, the 6x12 forward rate will also be

the same. Therefore, and since the value of a standard put option is an
homogeneous function of degree one of the spot and the strike,




Cppyy (0)=60%x >80 5 p - (L;1;12M )

60% % e—2.4845%><0.5

o300 X Pon (20,300;20,300;12M )
—2.4845%x0.5
_ 0% ;g STRE (20,300:20,300;6M )
—2.4845%x0.5
_ 0% ;g g X11107.45
=3.233%,

where the fourth equality follows the table with option prices contained in the exam

sheet.

In summary,

B, =97.561%+3.273% +3.233%

=104.067%.

d) Formulate a static hedging strategy for a short position on the bond defined in
the previous question.

Static hedging strategy:

1.

To ensure the redemption of principal at year 1, deposit today (for 1
year and @2.5%)

US$10,000,000x 100% __ US$10,000,000%97.561% = US$9,756,100.

(Y

To ensure the payment of the first coupon, buy today European-style
and ATM puts with maturity after 6 month and contract size equal to

US$10,000,000 x 60% .
20,300

b

To ensure the payment of the second coupon, deposit today, and for 6
months, the amount

US$10,000,000x3.233% = US$10,000,000x 60% x ¢ >**>*03 % p (1;1;12M )

After 6 months, the compounded value of such deposit will be equal to

US$10,000,000%60% x p, , (1;12M ) = US$1O’O(;O’OOOX 60%
oM

X Do (S6M 5 Sem ;IZM)

Hence, after 6 months, we can just buy European-style and ATM puts
with maturity at month 12 and contract size equal to




US$10,000,000x 60%
SéM
then be the desired one:

. The payoff of such position at month 12 will

US$10,000,000x 60% x maXEO% ; Mj

oM

e) Formulate a trading decision for a bond issued at the par value of
US$10,000,000, with bullet redemption (at par value) after 6 months, and with
a variable return (to be paid after 6 months) equal to 30% of the devaluation
rate of the Dow Jones index, if this index ever decreases below 20,000 index
points during the next 6 months.

BO — 100% % e—2.4845%><0.5 + VRO.

Concerning the variable return component,

30% XmaXKO%;SOEJj = inf (S,)<20,000

O<us<6M
0

0% < inf
O<us6M

VR,, =
(S,)> 20,000

_30% max(0;5, — S, ) = inf (S,)< 20,000
S, 0« inf (S,)>20,000

O<u<6M

:%x,;g@(sm;x =S,;H =20,000;R = 0;T = 6M).
0

Therefore, the variable return component is given by a down-and-in zero rebate put,
i.e.

30%

VR, X pd(Sy; X =S, H =20,000;R =0;T =6M ).

0

A down-and-in put without rebate is priced through the following expression:

10



p*(S:X;H;T;R=0)

Py 2 2
= E c, H—;X;T —-c, H—;H;T
St Sl‘ St

+(X = H)e " N[a (H,S)pxy

+ p, (Ssmin(H: XL T)+[X ~min(H: X )l N[}’ (5,.H)]
Since X =20,300 < H = 20,500, then the previous formula can be rewritten as:
p{"(S: X;H:T;R=0)

24

2 2 2
= E c, H—;X;T -, H—;H;T
St St St

+(x = H)e " Nla (1.5,)]}

+p, (S;min(H; X );T)+ [X — min(H; X)]e‘”N[— d) (S,, H)]

Using the data provided, and since ¢ =-0.01515, then:
pd(S, =20,300, X =S,;H =20,000,R =0;T =6M )

2x(-0.01515)

(20,000 022 { 20,000 20,0007

20,300

¢ . X =20300,T =6M |—c,| ———;20,000:6M
20,300 20,300

b

+(20,300-20,000)x e 245995 5 N[ (20,000:20,300)]}

+ p, (20,300:20,000,6M )+ (20,300—20,000)x ¢ >*445%03 xN[— al (20,300,20,000)]

Since the value of a standard call option is an homogeneous function of degree one of
the spot and the strike, then

11



pd(S, =20,300,X = S,; H = 20,000,R = 0;T = 6M )

2%(-0.01515)

2 2 2
_ (20000 02 ) 20000 1 9030020300% 2220 < 20,913,577 = 6M
20,300 20,300 20,000
2 2
200007 - 12030020000% 222% ~ 20,604.507 = 6M
20300 20,00

+(20,300-20,000) x e 45793 5 N2 (20,000,20,300)]}

+ p,(20,300:20,000:6M ) + (20,300 — 20,000) x e #5995 x N[ 4 (20,300:20,000)]

Since
N[~ (20,300;20,000)] = 0.4801,
and

N[ (20,000:20,300)] = 0.4364,
and using the data from the from the exam sheet, then

pd(S, =20,300, X = S,;H =20,000;R=0,T =6M )

2x(-0.01515)

_(20,000) o2
20,300

2 2
20,0002 %891 38— 20,0002
20,300 20,300

x1,018.43
+(20,300—20,000)x ¢ #4505 % 0.4364}
+959.17+(20,300—20,000)x e >3 % 0.4801
=1,107.40

In summary,

30%

)= x1,107.40 =1.64%,
20,300

12



and

B, =98.77% +1.64% =100.40% >100% => Invest.

13



